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THEORY AND VERIFICATION FOR THE GRASP II CODE 

FOR ADJOINT-SENSITIVITY ANALYSIS OF 

STEADY-STATE AND TRANSIENT GROUND-WATER FLOW* 

Banda S. RamaRao and Mark Reeves 

INTERA Inc. 
6850 Austin Center Blvd., Suite 300 

Austin, Texas 78731 

ABSTRACT 

Calibration of a numerical model of the regional ground-water flow in the 
Culebra dolomite at the Waste Isolation Pilot Plant in southeastern New 

Mexico, has been performed by an Iterative parameter-fitting procedure. 
Parameterization has been secured by choosing to assign the transmissivity 
values at a limited number of selected locations, designated as pilot 
points. The transmissivity distribution in the model is derived by kriging 
the combined pool of measured and pilot-point transmissivities. Iterating 
on the twin steps of sequentially adding additional pilot point(s) and 
kriging leads to the model of required accuracy, as judged by a weighted 
least-square-error objective function. At the end of calibration, it must 
be ensured that the correlation structure of the measured transmissivities 
is broadly preserved by the pilot-point transmissivities. Adjoint- 
sensitivity analysis of the model has been coupled with kriging to provide 
objectively the optimal location of the pilot points during an iteration. 
The pilot-point transmissivities have been adjusted by modeler's judgement 
incorporating information, where available, on local geologic conditions 
and large-scale hydraulic interference tests, in order to minimize the 
objective function. 

* The work described in this report was done for Sandia National 
Laboratories under Contract No. 32-1025. 



Adjoint methodology offers an efficient algorithm for calculation of the 
required parameter sensitivities. It separates the analysis into two 
distinct stages, with the first one related exclusively to the objective 
function, and the second one exclusively to the parameter of investigation, 
with the adjoint-state function from the first stage providing the link 
between the two stages. Implementing this philosophy, the equations of the 
adjoint sensitivities have been derived, keeping the partial variations 
with respect to pressure and parameters distinct. The adjoint-state 
function is interpreted to be an impulse-source response function in the 
transient state and a unit-source-rate Influence function in the steady 
state. A three-dimensional finite-difference code, called GRASP II, has 
been built to implement the adjoint-sensitivity analysis, offering a wide 
range of options in objective functions and sensitivity parameters. The 
code has been extensively verified, by comparing the results with the 
sensitivity coefficients derived analytically and with those from a 

perturbation approach. 

In this report, the theory and development of adjoint-sensitivity analysis 
and the verification of the numerical code are treated. A case study for 
the application of this coupled kriging-and-adjointsensitivity approach to 
calibration of the model for the site mentioned is presented in LaVenue et 
al (1990). The application demonstrates the usefulness of the present 
approach to calibration, particularly while handling a combination of the 
steady-state and transient head data. 
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INTRODUCTION 

Numerical models are constructed to develop an understanding of and to 

predict the future states of a complex ground-water system. A necessary 

first step in such an exercise consists of the calibration of the numerical 

model, for which both direct and indirect approaches are available. This 

document considers an indirect approach, an iterative procedure, in which 

an appropriate distribution of the hydrogeologic parameters (such as the 

transmissivity and storatlvity) and the initial and boundary conditions, is 

sought to be established, to obtain the best fit of the model predictions 

with the historical observations, typically in a least-square sense. Model 

calibration, also referred to as parameter estimation, history-matching, or 

solution of the inverse problem, is a notoriously difficult but vitally 
important stage in the numerical modeling. The calibration procedure 

involves simulating with an initial trial estimate of the unknown 

parameters and then successively modifying the parameters and simulating 

until the desired convergence is achieved in the fit. Several variations 

of this approach, ranging from subjective trial-and-error procedures to 

fully automated inverse algorithms, are available (Yeh, 1986). 

The number of parameter values (such as transmissivitles) to be 

estimated in the calibration procedure must be reduced to a reasonable 

number and this procedure is called parameterization. This is usually 

accomplished by zonation, wherein the ground-water system is divided into a 

number of zones, in each of which the parameters are treated as constants. 

In this study, however, an alternative procedure of parameterization, using 

pilot points (de Marsily, 1984) is adopted. A pilot point is a location in 
the system, where the unknown parameters are sought to be estimated. From a 

limited number of assigned parameter values at the pilot points and the 

measured values of the parameters at well locations, the large number of 

parameter values required in the numerical model (in different grid blocks) 

are derived by suitable interpolation. Pilot points are chosen at locations 

where the model-fit criterion is most sensitive to the parameter 

variations. 



Usually, prior to calibration of the ground-water model, Information 

about the transmissivities at several locations in the site is obtained 

from pumping tests. In this study, kriging (de Marsily, 1986), an unbiased 

statistical linear-interpolation technique minimizing the variance of the 

estimation error, has been employed to derive the transmissivity 
distribution in the numerical model from the measurements in the 

transmissivity data base. Pilot points, which are added in each iteration, 
are defined by specifying a spatial location and assigning a transmissivity 

to that location. It is possible for the pilot-point data to be 

synthesized purely by the subjective judgement of the modeler. However, in 

this study, adjoint-sensitivity analysis of the numerical ground-water 

model has been coupled with kriging to yield objectively the optimal 

location of the pilot point. An appropriate minimization algorithm can be 

used to determine an estimate of the associated transmissivity. However, 

in this study it has been found expedient to use the modeler's best 

judgement to estimate the pilot-point transmissivity. This judgement 

incorporates information, where available, on local geologic conditions and 

large-scale hydraulic interference tests. 

A separate report (La Venue et al., 1990) presents the calibration 

efforts, using the combined kriging and adjoint-sensitivity approach 

presented here, on a numerical model of ground-water flow in the Culebra- 

dolomite in the Rustler Formation at the Waste Isolation Pilot Plant 

(WIPP). The WIPP site is the location in southeastern New Mexico for a 

potential radioactive-waste repository being considered by the U.S. 

Department of Energy for isolation of defense transuranic wastes. A number 

of long-term pumping tests have been conducted at the WIPP site at 

different locations to obtain the transmissivities and the time-evolution 

of the pressure responses at the observation wells. 

Figure 1 shows an example of a two-dimensional grid superimposed on a 

regional ground-water system, along with well locations. At each 

iteration, a number of candidate pilot-point locations are considered as 

shown in the pilot-point grid (Figure 1). The sensitivities of the least- 

square criterion function to the transmissivity 'data' at the pilot points 
2 
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are evaluated. Figure 1 also shows an example contour plot of the computed 

sensitivities. The pilot point with the maximum absolute sensitivity 
(pilot point P in Figure 1) is chosen in the particular iteration . 

Thus, to summarize, the calibration procedure adopted here may be 

described as an indirect approach, with iterative parameter fitting. A 

structured inverse formulation with a fully automated algorithm has not 

been chosen in view of the complexity of the site being modeled. The first 
step consists of deriving the transmissivity distribution in the model by 

kriging (using generalized kriging in this study) the measured 

transmissivities and simulating the pressures and computing the least- 

square model-fit criterion. If this is not less than the convergence 

criterion, a second iteration is performed. During this step, a pilot- 
point location is chosen as explained above and the pilot-point 
transmissivity is assigned by the modeler. The modified transmissivity 

distribution in the numerical model is derived by kriging the combined pool 

of the measured transmissivities and the pilot-point transmissivities. In 

particular, block kriging is adopted to obtain the geometric mean 

transmissivities over a grid block. At this stage, the correlation 
structure of the transmissivity field is not recomputed. Then, by 

simulating the revised pressures and comparing the new least-square 

objective function with the convergence criterion, the second iteration is 

completed. Iterations are repeated until satisfactory convergence is 

achieved. At the end of the iterations, the correlation structure (as 

indicated by the generalized covariance function for the generalized 

kriging used in this study, or by a variogram if universal kriging were 

adopted) of the assigned pilot-point transmissivities is compared with that 

of the measured transmissivities for a reasonable agreement. The entire 

exercise may have to be repeated choosing another structure (variogram or 

generalized covariance function), if the agreement on correlation structure 

is not judged satisfactory. The final step, may be called, structure 

validation. This calibration procedure is illustrated schematically in 

Figure 2. 

4 





This report discusses the development and application of the theory of 

adjoint-sensitivity analysis to the ground-water flow modeling in the 

context of model-calibration efforts. An adjoint-sensitivity-analysis code 

has been built and some of the test problems designed to verify the code 

performance are also documented in this report. The pilot-point 
methodology described above has been used with reference to 

transmissivities only, which are by far, the most important of the 

parameters. However, the adjoint-sensitivity-analysis code has been built 
to provide sensitivities with respect to various other parameters, such as 

storativity, boundary pressures, etc. This document provides the treatment 

of sensitivity analysis in respect of all the types of hydrogeologic 

parameters. The remainder of this document is devoted to the mathematical 

treatment of the adjoint-sensitivity analysis and the verification tests 

for evaluating the performance of the adjoint-sensitivity code. The report 

by LaVenue et al (1990) elaborates on the case study involving the 

application of this calibration approach to the Culebra dolomite at the 

WIPP site. 

SENSITIVITY ANALYSIS: TERMINOLOGY AND SCOPE 

Sensitivity analysis of a model provides the first-order derivatives of 

the functions of output variables with respect to the uncertain input 

parameters. For the ground-water flow model, the geohydrological 

parameters, such as the permeability (or transmissivity), storativity, 
prescribed boundary pressures and fluxes and the strength of point sources 

or sinks, constitute the sensitivity parameters (a). Any function of the 

pressure (or the head) field is designated as the performance measure (J) 

in the sensitivity-analysis parlance (also called objective function or 

criterion function). The weighted sum of the squared deviations between 

the observed and calculated pressures, called the least-square criterion 
function, where the observations are distributed spatially and temporarily, 

is an important system performance measure in the model calibration. Darcy 



velocity, boundary fluxes (where they are not prescribed) and ground-water 

travel time or distances are all examples of important performance 

measures. The derivatives, dj/da^, are also called marginal-sensitivity 
coefficients, and provide a first-order estimate of the perturbation AJ, in 

the performance measure J per a unit perturbation (Ao^-l) in the 

sensitivity parameter a^. Also, the pressure (or the head) function, which 

depicts the state of the ground-water system is designated as the state 

function, and the sensitivity of the pressure function as the state 

sensitivity. 

-9» 

Dimensionless or normalized sensitivity coefficients are defined by 

(dJ/doij.) (oi^/J) - d(lnJ)/d(lncti). They denote the percentage perturbation 

to the performance measure per a 1 percent change in the sensitivity 
parameter. Caution is necessary in interpreting the normalized sensitivity 

coefficients, as they may be uninformative and misleading in some 

situations. For example, when J - 0, they assume infinite values; and when 

aj, 
- 0, they assume zero values and in such situations, marginal 

sensitivity coefficients are to be used. Also, sensitivity coefficients are 

exact derivatives taken about the assumed parameter values and therefore 

constitute local derivatives. They can provide the changes in performance 

measure due to a 'small' change in sensitivity parameter. However, when 

large perturbations to sensitivity parameters are considered, they may not 

be able to provide accurate estimates of the changes in performance 

measures, if the relationship between the performance measure and the 

sensitivity parameter is sufficiently non-linear in the neighborhood of the 

sensitivity parameters. 

Sensitivity analysis plays a significant role in ground-water modeling. 

The sensitivity coefficients provide a deeper insight into the ground- 

water flow system and aid the modeler in the calibration. They can 

identify the locations for additional measurements. They are also used to 

guide a gradient search in the optimization phase of automatic inverse 



algorithms in ground-water models, for calculation of posterior covariance 

of the parameters estimated in the inverse algorithm, and for the 

calculation of the covariance of the predicted pressures (or heads) due to 

the uncertainty in the parameters (Neuman, 1980a,b; Townley and Wilson, 

1985). 

An example of the application of the adjoint-sensitivity-analysis 
technique to ground-water flow systems was by Sykes and Wilson (1984) who 

performed the parameter sensitivity analysis for a steady-state flow model 

of the Culebra-dolomite in the Rustler Q|pnation at the WIPP site. They 

focused attention on the sensitivity of the potentiometric head, with 

respect to hydraulic conductivities, boundary pressures, and recharge 

rates. Sykes et al. (1985) performed a similar study on the steady-state 

flow in the Leadville Formation of the Paradox Basin in Utah, which was 

then being considered as a potential site for a nuclear-waste repository, 

extending their analysis further to Darcy velocities as the performance 

measure, using the same parameters as above. Similar studies (INTERA, 

1984a,b,c; Metcaife et al., 1985) were performed on the parameter- 

sensitivity analyses of steady-state ground-water flow models in respect to 

the salt sites in the Paradox and Permian basins and at the Richton dome 

which were earlier considered as potential sites for a nuclear-waste 

repository by the U.S. Department of Energy. 

GROUND-WATER FLOW MODEL EQUATIONS 

In this study, SWIFT II (§.andia Waste Isolation Flow and Transport), a 

multi-dimensional (up to three dimensions) finite-difference code is used 

to simulate the ground-water flow. The code can simulate the coupled 

processes of transport of the fluid, heat, and an inert component (brine) 

and trace components (radionuclides) in porous or fractured media. The 

first three processes are treated as coupled through fluid density and 

viscosity. The code uses the fluid pressure (rather than the head) as the 

state variable and permeability (rather than the hydraulic conductivity) as 



the geologic parameter and conservation of mass (rather than volume) to 

account for the spatially and temporarily variable density and viscosity. 
The sensitivity-analysis capability is developed at present only for the 

flow component of the coupled processes. Reeves et al. (1986a,b) document 

exhaustively the theory and implementation of the SWIFT II code. This code 

has been extensively verified (Finley and Reeves, 1981; Ward et al., 1984; 

Reeves et al., 1986c). The governing fluid-flow equations for transient 
and steady flow are presented here. 

Transient-State Flow 

9(^) 
~~— -V-(pu) +q-0 on R x [0,r] dt 

(1) 

where, 

k 
u - - •( vp - pgVz) (2) 

subject to: 

p(x,0) - Po<S) on R (3) 

u.n - /3(p - P) - Q on F x [0,r] (4) 

8(^p) 3(^o) 8p 8p 
——— - ——— 

. 

— 

- s — (5) 
9t 8p 8t 8t 

Fluid density and porosity are functions of pressure. However, ignoring 

the second-order effects, the storage coefficient in (5) may be defined 

approximately as: 

S(x) - ^o(x) po(S )[Cw + Cr(x )] (6) 



Here, x Is vector of spatial coordinates; t is time; k is permeability 

tensor (the principal directions of permeability are assumed to coincide 

with the spatial coordinate directions, resulting in a diagonal matrix for 

permeability); p(x,t) is pressure; a(x,t) is Darcy flux vector; q(x,t) is 

strength of a source rate; g is acceleration due to gravity; z is the 

vertical coordinate (positive downward); ^o(s) ^-s initial porosity of rock; 

Po(s) ^-s initial density of water; ^(x,t) is rock porosity; p(x,t) is 

density of water; Q(x,t) is prescribed volumetric influx normal to 

boundary F; po(s) - initial pressure at t - 0; P(x,t) is prescribed 

boundary pressure; j8 dictates the type of boundary condition with f) — 0 

indicating Neuman conditions and f) -* <» indicating Dirichlet conditions; 

S(x) is aquifer storage coefficient; Cy is compressibility of water; Cr(x) 

is compressibility of rock; R is region of interest; r is boundary of R; n 

is unit (outward) vector normal to r; and [0,r] is time interval of 

interest. 

Equation (3) represents the initial conditions. The boundary 

conditions in (4) have been generalized after Neuman (1980b) and Carrera 

and Neuman (1986b). Further, SWIFT II can model the effects of a flow 

system external to the boundary r after Carter and Tracy (1960). 

Steady-State Flow 

-V.(pol±o) + qo - 0 

k_ 
Ho- - • (Vpo-Pog721) °" R 

A» 

Uo.n - /3 (po-Po) - Qo o" r 
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Here, UQ, qo, po, PQ, and Qo denote the steady-state counterparts of y, 
q, p, P, and Q respectively of the transient state. 

In SWIFT II, transient analysis always starts at t — 0. In some cases, 

steady-state analysis is performed first, which provides the initial 
conditions for the transient analysis to be performed in sequence. This is 

termed sequential steady-and-transient analysis, where the steady-state 

flow equations may be treated as constraints on the initial conditions. 

The ground-water flow problem simulated by SWIFT II, prior to 

sensitivity analysis, is designated as the 'forward problem', or the 

'primary problem'. The sensitivity coefficients, being local derivatives, 
depend on the hydrogeological parameters used in the forward problem, as 

well as on the pressure function evaluated in the forward problem. 

SENSITIVITY ANALYSIS: DIRECT APPROACH 

The performance measure can be defined as: 

J - I K(a,p(a)) dx dt (10) 

Here J - performance measure, K — an appropriately defined kernel function; 

p(s) ~ pressure, and a - vector of sensitivity parameters. 

If QI is the parameter for which sensitivity coefficient is sought, 

r 

dj. f f 8K 8K QS. 
[ — 

+ 
— 

• ] dx dt (11) 
dai J J 3ai 9p Sa-^ 
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In (11) J and K need only be Gateaux differentiable (Vainberg, 1964; 

Saaty, 1967) in order to apply direct sensitivity analysis using (11) (or 

to apply adjoint methods (Cacuci, .1981) ). The first term in the integral 

on the right-hand side (RHS) of (11) represents the sensitivity resulting 

from the explicit dependence of J on oil, and is called the direct effect. 
The second term in the integral represents an indirect effect due to the 

implicit dependence of J on a\ through p(a). While the computation of the 

direct effect is a trivial step, that of the indirect effect involves the 

evaluation of the state sensitivities: 3p(x,t)/aai. They may be calculated 
by the 'parameter-perturbation approach' (Becker and Yeh, 1972; Yeh, 1986) 

or by solution of the partial-differential equation for state sensitivity 
(Sykes et al., 1985; Yeh, 1986). But the state sensitivities are required 

to be recomputed whenever a new parameter is considered. In a numerical 

model with a large number of grid blocks/elements and different system 

parameters, this represents an enormous computational effort, being of the 

same order as in the multiple simulation approach to parameter sensitivity. 

An elegant approach suggested by Chavent (1971, 1975) circumvents the 

need to compute the state sensitivities and thus brings about economy in 

the computation of sensitivity coefficients. It is called the adjoint- 

sensitivity approach and is presented here. 

SENSITIVITY ANALYSIS: ADJOINT APPROACH 

Two alternative procedures are available for the derivation of the 

adjoint-state equations for a numerical model. The first one is to derive 
the partial-differential equations for the adjoint-state function starting 
from those of the ground-water flow, and then to discretize them in the 

numerical model (Carter et al., 1974; Neuman, 1980b; Sykes et al., 1985; 

Carrera and Neuman, 1986b). The second procedure is to derive the adjoint 

12 



state equations for the numerical model directly from the discretized 
(matrix) equations of ground-water flow (INTERA, 1983b; Sykes and Wilson, 
1984; Sykes et al., 1985; Townley and Wilson. 1985). Sykes et al. (1985) 

intuitively believe the second procedure to prove superior to the first one 

for the numerical simulation of the adjoint-state function. Townley and 

Wilson (1985) recognize that the second procedure permits a simpler 

mathematical treatment, particularly in handling the boundary conditions. 

Samper and Neuman (1986) have shown that with respect to the advective- 

dispersive transport equations, both the above formulations are consistent 

in that they converge to the same adjoint-state partial-differential 
equations as the spatial and temporal discretization intervals tend to 

zero. The first procedure has been chosen here. Dogru and Seinfield (1981) 

used a hybrid procedure by discretizing the equations in the spatial 

coordinate and deriving the ordinary-differential equation in temporal 

coordinates. 

The following presentation treats the transient-flow case only. 
Extensions to the steady-state case and the sequential steady-and-transient 

case readily follow from. the treatment given here. The presentation aims 

to highlight the essential principles of the adjoint theory. The treatment 

here is patterned after Neuman (1980b) and Carrera and Neuman (1986b), in 

adopting the first procedure. The treatment of Neuman, and Carrera and 

Neuman is such that it can provide the sensitivity coefficients only for 

those parameters included in the analysis initially. The treatment given 

here is designed to remove such restriction and is generalized to provide 

the sensitivity coefficients for any arbitrary parameter. This has been 

achieved by using partial variations (instead of total variations), and 

keeping the partial variations due to pressure and the parameters distinct. 
As a result, the sensitivity coefficients for the initial pressures as 

parameters has been derived here and is not available from any earlier 
presentation by any author(s). The results for any parameter can be 

derived from the general formula given here. Further, the use of partial 
variations brings out vividly the physical significance of the different 
mathematical steps in the derivation of the equations for the adjoint-state 

13 



function and the sensitivity coefficients. The treatment here has provided 

more physical insight into some aspects such as the significance of the 

adjoint- state function, the choice of the 'final' condition of the 

adjoint-state function and the link between the steady and transient states 

in combined analysis of those states. 

The performance measure (J), may be defined in general terms as: 

T 

J - K(a,p) dx dt (12) 

o R 

where K is an appropriately defined kernel function. 

As an example, K is defined for pressure at location"xi and at time t\, by 

K(a,P) - P(x,t) 6(x-xi, t-ti) (13) 

and, for the weighted least-square-error functions, by 

K(a,p) - S S Wi,n[p(x,t)-pob(x,t)]2 5(x-xi,t-tn) (14) 

i n 

Here, pob is an observed pressure. Various other performance measures can 

be similarly formulated. The dependence of K(a,p) on x and t is not 

explicitly displayed. 

The first total variation S3 of J is given by (dropping the arguments of K) 

13K 3K 
SJ - (S — 

Sai + 
— 

&p) dx dt J i Qai 3p 
o R 
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Defining SpJ as the partial variation (Becker, 1964) with respect to 

pressure and similarly Sa J as the partial variation with respect to 

parameter ai, 
i 

SJ - Sr^J + S Sa J 
- i i 

(16) 

where, 

f f 9K 
Sp J - 

— 

5p dx dt J J 9P 
o R 

(17) 

and 

(18) 
f f^ 5(, J - —— Sa dx dt 

i J I Sai i 
o R 

Defining the left-hand side (LHS) of (1) as »(a,p) and using (5), 

3p 
*(a,P) - -S 

— 

- V.(/m) + q - 0 on R x [o.r] (19) 
8t 

Defining the product of the (LHS - RHS) of (4) and the fluid density p 

as ^(a.p) : 

»*(",?) - Ptu-a - ^(P-P) + Q] - 0 on F x [o.r] (20) 

Taking the first total variations of 9 and ** and multiplying them by 

an as-yet-arbitrary but differentiable function A(x,t) (in anticipation of 
a computational advantage) and integrating them over R x [o,r] and 

r x [o,r] respectively, and defining their sum as 50, 

6"- [ A(x,t) &$(a,p) dx + A(x,t)^*(a,p)dx ] dt - 0 (21) 

o R r 
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Here, IP* has been included in (21) to facilitate the treatment of boundary 

conditions as sensitivity parameters. Expressing SQ as the sum of the 

partial variations as in (16) 

SO - fir, 0 + S Sa 0 - 0 (22) p 
i i 

where (dropping the arguments), 

T 

6p 0 - [ A5p$dx + A5p»*dx ] dt (23) 

o R r 

and 

(f 89 ( 5»* 
5a," - [ A — 

Sai ds + A — 

Sai ds ] dt (24) 
1 J 9°i 1 a<»i 

o R r 

Adding (22) and (16), the first total variation SJ is given by: 

6J - (&n J + 5n 0) + 2 (Sa J + Sa 0) p r i i i 
(25) 

In (25), the terms in the first bracket relate exclusively to the 

variation 5p, and those in the second bracket relate exclusively to the 

variation Sa^. To render 6J independent of Sp (thus, to eliminate the 

state sensitivities from the required parameter sensitivities), one may 

choose A(x,t) to satisfy: 

SpJ + 5p0 - 0 (26) 

or, 

[ (5pK + A5p»)dx + A5p»*dx ] dt - 0 (27) [ («pK + 

o R 

16 



When A(x,t) satisfies (26) or (27): 

6J - S (6a J + Sa 0) (28) 

so that the required sensitivities are given by: 

dJ ffaK 3 f f 
.,. —— - ( —— dS + ——[ A » dx + A $* dx ] ) dt (29) 

dai J J 9ai 3ai j J 
o R R r 

Equations (27) and (29) constitute the cornerstones of the adjoint 

theory, and are of immense computational significance. They demarcate the 

evaluation of sensitivities into two distinct stages, after the solution of 

the primary or the forward problem. Equation (27) represents the first 
stage where A(x,t) is solved for. Equation (29) represents the second 

stage where the sensitivity coefficients are computed using the function 

^(£>t). Equation (27) shows that A(x,t) depends upon the performance 

measure (J) and on the system parameters (a) and the pressure function 

p(x,t) from the primary or forward problem. Thus it requires no re- 

computation if a different sensitivity parameter is to be studied under the 

same performance measure. Of the two stages, computation of A(x,t) 
requires the most computational effort, being the same as that required to 

evaluate the state function pQc.t). I" ^e second stage, sensitivity 

coefficients for a number of parameters can be computed with an additional 

effort insignificant in comparison to that of the first stage. This aspect 

is the prime highlight of the adjoint theory and stands in contrast with 

the direct approach. 

ADJOINT-STATE FUNCTION: GOVERNING EQUATIONS 

Equation (27) may be transformed to provide the partial-differential 
equation and the associated initial and boundary conditions for A(x,t). 
The details are furnished in Appendix A. The final results are presented 

here. 
17 



Transient-State-Onlv Case 

3,\ 3K 

ST -V.(paA)+—- - 0 on R x [0,r] (30) 
3t a? 

A(x,r) - 0 on R at t - r (31) 

a;ra - ^(x,t) on r x [0,r] (32) 

where u^, named as the adjoint flux is given by: 

k 

H\ - - -" • VA, 
A* 

(33) 

It is interesting to note that the so-called initial condition on \ is 

prescribed at the final time t - 

r, and not at t - 0. More appropriately, 

it may be designated as the backwards-in-time-initial or final condition. 
The solution starts at t - 

T, proceeds backwards in time, and ends at 
t - 0. 

Steady-State-Only Case 

The adjoint-state function applicable to the steady state is indicated 

by Ao(x). This is distinctly different from A(x,0), the adjoint-state 

function relating to the transient state at time t - 0. (In fact Ao(x) is 

not. equal to A(x,0), even in a sequential steady-and-transient-state 
analysis and their dimensions are not the same). The equations for this 

case are derived by defining 8Qo f^ steady state analogously to 60 in (21) 

and by a parallel treatment from (21) through (27) and through Appendix A. 

18 



Solution of Ao(x): 

3Ko 
V- (PollAo) + —— - 0 on R (34) 

3po 

HAo-S - ^Ao(x) on F (35) 

where, \i\o, named as steady-state adjoint flux is given by: 

k 

UAO - - —— -VAo (36) 

and Kg is defined in (37) analogously to K in (12). 

Jo - Ko(a,po) dx (37) 

Here, Jo denotes a steady-state performance measure. 

Sequential Steady-and-Transient State Case 

This is a special case, where the steady-state solution for pressure, 

provides the initial condition on pressure for further transient 
simulation. This causes the initial pressures for the transient state 

solution to be parameter-dependent as opposed to their being regarded as 

user-prescribed parameters. The equations for this case can be derived by 

adding Sfty ^01C steady state to 50 in (21) and following the treatment from 

(21) through (27) and through Appendix A. In this case, (30) through (33) 

are still applicable for the transient state, while the steady-state 
solution requires a slight modification of (34) as shown below: 
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Solution of Ao(x): 

3Ko 
- ^'(PoUXo) + —— + SA(x,0) - 0 on R (38) 

3po 

Equations (35) through (37) still apply for the steady-state part of this 

analysis. 

The presence of a storage coefficient, which is a parameter pertinent 
to the transient state only, in the equation for ^o(s) appears incongruous 

at first sight. Ao(s) denotes (- dJ/dqo, as shown later) the sensitivity 
of a performance measure defined in the transient state to qo, a parameter 

in the steady state. A perturbation of qo alters the po(x) which 

consequently changes the performance measure J, so that Ao(x) •" dJ/dqo(x) - 

,f[dJ/dpo(x* )].[dpo(x* )/dqo(x )] d£*, where the integration is carried 

over R. It can be shown that dJ/dpo(x*) - SA(x,0) so that, Ag(x) - 

J'[SA(x*,0)].[dpo(x* )/dqo(x )] dx*, where the integration extends over R. 

Thus, Ao(x) does depend upon the storage coefficient. Equation (38) can 

also be derived from this physical conceptualization of the propagation of 

the perturbations (not presented here). 

General Remarks on Adjoint-State Function 

Equations (30) through (38) define the boundary and initial value 

problem for A(x,t) and/or Ao(x). The homogeneous parts of the adjoint- 

state equation and the flow equation are identical and this aspect is 

exploited in the computer implementation. The boundary conditions for 

A(x,t) or Ao(x) are very simple. At locations of Dirichlet conditions for 

pressure, the adjoint-state function should be prescribed as zero. 
Similarly, at locations of Neumann conditions in the flow problem, a zero 

adjoint flux is to be prescribed. In a numerical code, no additional 

effort is needed to implement these boundary conditions. 
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SENSITIVITY COEFFICIENTS 

Once the adjoint-state functions A(s,t) and/or Ao(s) are computed, the 

sensitivity coefficients for parameters o^ may be computed with the 

appropriate equations. For transient-flow-only cases, (29) applies. For 

steady-state-flow-only cases, the following equation applies: 

dJo f 3Ko 9 f f 
... —— - ——dx + ——[ Ao»od£ + RoV <3S ] (39) 

dai J Qai aai J j 
R R r 

where JQ KQ, »o ana 90* denote the steady-state counterparts of J, K, 

9, and $* of the transient cases, and are defined here: 

»o (ff.Po) - -V'(Poao) + qo - 0 on R (40) 

* 

»o (a,Po) - PotUo'a - /3(Po-Po) + Qo) - o on r (41) 

Jo and KQ are defined in (37). 

For the sequential steady-and-transient analysis, dJ/da^ is given by 

the sum of RHS in (29) and (39). The evaluation of these equations is 

straightforward. However, sensitivity coefficients with respect to 

permeability need elaboration, firstly since permeability is a tensor, and 

secondly since it occurs both in the domain equation ($) and in the 

boundary equation ($*). The other parameters, however, appear only in one 

of these equations. Accordingly, permeability and a few other parameters 

are considered here. 

The evaluation of 3K/3ai or 8K.o/9ai is handled as follows. Consider 

two performance measures for transient state: 
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Jl - P(x,t) 5(x-xi,t-ti) dx'dt - p(xi.ti) (42) 

o R 

J2 - w(x,t) [p(x,t) - pob(£,t)]2 dxdt (43) 

For both these performance measures 3K/3a^-0 [see (13) and (14)]. 
Consider a performance measure in the steady state. Let the Darcy velocity 

at location Xm in the direction i be the performance measure, and the 

permeability in the direction i be the sensitivity parameter. Then, 

f 8 

Jo - ki(xm) ——(po - Pog721) «S - Xm)dx (44) 
3xi 

and 

3Kp 9 
———— - 

— 

(Po - PoS72) ^(S -Sm) <45) 
aki(xni) 3Ki 

Jl in (42) and Jg in (43) are examples where SVi/Qai - 0, while JQ in 

(44) is an example where 3Ko/3c(i is not zero as in (45), when a^ - ki(xm). 
The non-zero value of 3Ko/3ki from (45) will be later used in (50). 

Permeability 

In the SWIFT II code, the coordinate directions are assumed to coincide 

with the principal directions of the permeability, so that the permeability 

matrix is diagonal. The permeabilities in the principal directions are 

indicated by k^ and let x^ denote the coordinate in the direction i 

(i-1,2,3). The following results are obtained for the transient-flow-only 

case and later extended to the sequential steady-and-transient case. 
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Transient Case: 

Let ai - ki (i - 1,2,3) be defined over a region v, interior to the 

flow domain R. Assuming SK/Qa^ - 3Ko/3ai - 0, and dropping terms 

independent of k, 

dJ f3 f pk f pk 
—— - ""t A ^t ———"^P - A>gVz)]dx - A —— -(Vp-pgVz).n dx )dt 
dki M " I tl 

(46) 

Using Green's first identity for the expression in ( ) in (46), 

dJ (8 f pk 
—— - 

~ 

t- ^'C ———'^P - /»gVz)]dx ) dt (47) 
dki Jakj. J y. 

o R 

dJ f f p 8 Q\ 
—— - - 

~ —— (P - Pgz) 
~ cbc dt (48) 

dki J J v. flxi axi 
0 V 

Sequential Steady-and-Transient Case: 

For this case, the contributions from the steady state need to be added 

in (48). The corresponding equation can be written down by Inspection as: 

dJ \ { p 8 9\ ( po 8 8\o 
- - (P - Pgz) dx dt - 

— —— (po - Pog2) dx 
dki J J A* 3xi 3xi J p. 3xi 3xi 

o v v 

(49) 
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Steady-State-Only Case: 

Consider the performance measure JQ defined in (37) for the region of 

interest v, for the permeability. Using (39) and (45), 

dJo f 3 po 3 8\ 
~ 

- \[—— (Po - Pogz).5(x-Xm) - ———— (Po - Pogz) 
— 1 ^ <50) 

dki J 8-x.i /i flxi 8-x.i 
•v 

Pilot-Point Transmissivitv 

If sufficient measured transmissivity data are available at a site to 

define the correlation structure of the transmissivity field, 
geostatistical techniques, such as kriging, can be used to estimate the 

transmissivities in the modeled region. The correlation structure of the 

transmissivity data was found to be much better if the logarithm of the 

transmissivity was used instead of its natural value (de Marsily, 1984). 

This stems from the fact that the transmissivities are in general, log- 

normally distributed. In this study, geostatistics has been employed on 

the logarithms of the transmissivities to the base ten. 

Pilot points are locations where the transmissivities are sought to be 

estimated in this calibration procedure. GRASP II is designed to calculate 

the sensitivity of any performance measure to the addition of a pilot point 

(transmissivity) to the observed transmissivity data set used as input for 

kriging. A number of potential pilot-point locations are considered and 

the sensitivities of those pilot points are evaluated. The pilot point 

with the absolute maximum sensitivity is chosen to be included in the 

transmissivity data during that iteration. 

Currently, GRASP II can be used either with the universal kriging code 

of the United States Geological Survey, K603 (Skrivan and Karlinger, 1980), 

or with the generalized kriging code of the Massachusetts Institute of 
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Technology, AKRIP (Kafritsas and Bras, 1981). In addition, either point or 
block kriging may be specified and uncertainties may be assigned to both 

observed and pilot-point transmissivity data. The following discussion 

presents the general equations used to couple the kriging and adjoint- 
sensitivity techniques. 

Let P be a pilot point added to the observation points at a location Xp 

with an assigned transmissivity of Tp. Let T(x^) be the measured 

transmissivity at location xi and Y(xi) - Logiot^Si) ] • Using the 

observation points and the pilot point, the kriged (point or block- 

averaged) value (Y*) of Y, is given by: 

Y*(x) - 
S Y(XI) »»(X,M) + Yp(xp) »»(x,Xp) (51) 

where 

Y*(x) - Logio [T*(x)l (52) 

Here, n is the number of observation points, >y(x,Xi) is the (point or 

block-averaged) kriging weight for location x due to an observation at 

location x^, Yp - Logio[Tp(Xp)], and T* is the estimated transmissivity. 
Note that the following equations are valid for either point or block 

kriging. The kriging weights would depend upon whether point or block 

kriging is adopted. 

Using (51), 

3Y*(x) 
- »»(x,Xp) (53) 

3Yp(xp) 
p 

When a pilot point transmissivity is perturbed, the kriged 
transmissivities and hence the permeabilities at all locations in the flow 

domain are altered, causing the performance measure to change. 

Accordingly, the required sensitivity dJ/dYp(xp) is given by: 
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dYp(Xp) 

5J 3Y*(x) 

3Y*(x) 3Yp(Xp) 
dx (54) 

IL 
BY*(x) 

»»(x,xp) dx (55) 

Also, 

T*(x) - k*(x)[p(x)/^(x)] g b(x) (56) 

where b - thickness of ground-water system, and using (52), 

dj dJ 
- 2.303 ———— k(x) 

dY*(x) dk(x) 

so that (55) is rewritten as: 

dJ dJ 

(57) 

dYp(xp) 
2.303 k(x) 

dk(x) 
»?(x,xp)dx (58) 

The kriging weights, »»(x,Xp), determined by GRASP II, are obtained from 

either the universal kriging code, K603, or from the generalized kriging 

code, AKRIP. The sensitivity coefficient dj/dk(x) in (58) is obtained from 

adjoint-sensitivity analysis, using equations such as (48), or (49), or 

(50) depending upon the type of SWIFT II simulation performed. 

Boundary Pressure 

For simplicity, only the transient state is presented. The boundary 

pressure P occurs only in the boundary integral of (29), using which, 
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dJ 

dP 

r 

p^A dxdt 

o r 

(59) 

However, dJ/dP becomes indeterminate (for Dirichlet boundary 

conditions) as \ -- o and ft -* co at the boundary. Using (32), the RHS of 
(59) may be rewritten as: 

(60) 
dJ f f pk 
—— - - —^•VA.n dxdt 
a? JJ . 

- - 

Storage Coefficient 

Using (29), 

(61) 
dJ f f 9p 
—— - - A —— dxdt 
dS J J 3t 

o v 

where v denotes the region of interest for the storage coefficient. 

Storativity: 

Storativity S* (dimensionless) is more commonly used in ground-water 

hydrology for vertically integrated two-dimensional flows and is related to 

the storage coefficient S by: 

S* - (S)bg - ^(Cw + Cr)pbg (62) 

Then (62) is modified: 

dJ \ f 8p 1 
—— - - \ \ \ — — 

dxdt 
dS* J J 9t bg 

o v 

(63) 
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Similarly the following sensitivity coefficients are derived using (29) 

and treating transient state only. 

Source Rate 

dJ 

dq 
\ dxdt 

0 V 

(64) 

Boundary Flux 

dJ 

dQ 
p\ dxdt 

o r 

(65) 

Initial Pressure 

Initial pressures appear in 9 in (19) only during the first time step, 

from 0 to At, for which SS-p/St may be expressed as S[p(x,At) - Po(s)]/At. 
Then using (29), 

dJ 

dpo(x) 
SA(x,0) (66) 

In view of (66) the term SA(x,0) on the LHS of (38) may be recognized 

as dJ/dpo(x). 
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ADJOINT-STATE FUNCTION: PHYSICAL SIGNIFICANCE 

Transient State 

A scrutiny of (64) provides an insight into the physical significance 
of the adjoint-state function. Using (64), one may write : 

r 

dJ - A(x,t) dq dxdt (67) 

o v 

Define: 

q(S,t) - q* 5(x-xi,t-ti) (68) 

so that 

dJ f f 
——. - A(x,t) 5(x-xi,t-ti) dxdt - A(xi,ti) (69) 

dq* J J 
D v 

In (68), q* is the strength of an (instantaneous) impulse source 

introduced in the flow field at x^ and at time t^. In (69), the adjoint- 

state function A(x,t) is interpreted as the sensitivity coefficient for the 

parameter of instantaneous source strength at (x,t). It represents the 

rate at which J varies per unit impulse source at (x,t). 

Steady State 

By similar arguments, in steady state, 

dJ 

Ao(x) - 

dqo(x) 

(70) 
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Equation (70) shows that the adjoint-state function Ao(x) is a 

sensitivity coefficient for the parameter of (steady state) source rate. 

It represents the rate at which J (or Jo) varies per unit source rate 

applied in the steady state. It can be shown that for a numerical model of 

the steady state, the elements of the hydraulic-resistance matrix (inverse 

of the hydraulic-conductance matrix) constitute the adjoint states for the 

pressure function. 

Note that the dimensions of the adjoint state in the steady and 

transient state differ. Such functions are well known in several branches 

of science under different names. For example, in mathematical physics, 

they are known as Green's functions; in systems engineering as impulse- 

response functions; in surface-water hydrology as instantaneous unit 
hydrograph (IUH); and in adjoint-state theory as importance functions 

(Lewins, 1964). Similar functions also arise in constrained optimization 

as Lagrangian multipliers, and in econometric models as shadow prices. The 

recommended usage in ground-water hydrology would be impulse-source 

response function in transient state, and unit-source-rate-influence 
function in steady state. 

SENSITIVITY-ANALYSIS CODE: GRASP II 

GRASP, GRoundwater Adjoint Sensitivity Program (Wilson et al., 1986), 

was originally built as a satellite post-processor to the SWENT groundwater 

flow code (INTERA, 1983a) . In the present study, the GRASP code was 

modified to be a post-processor to the SWIFT II code. The original GRASP 

code was designed for steady-state analysis. The code capabilities have 

been further enhanced as described below and the resulting code is named 

GRASP II. Both versions employ finite-difference approximation to all the 

results presented here. GRASP II can perform the sensitivity analysis of 

purely steady or transient flow or sequential steady-and-transient flow 

analysis. It has several options on the performance measure (J) and 

sensitivity parameters (a^). They are listed below: 
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Performance Measures Sensitivity Parameters 

Weighted mean pressure 

over a region at any time 

Weighted sum of squared 

deviations between observed 

and calculated pressures 

Darcy velocities 

(x, y, or z directions) 

Fluxes at Dirichlet boundary 

Groundwater travel times 

Groundwater travel distances 

Principal permeabilities 

Storativity/storage coefficient 
Boundary pressures 

Source rates 

Recharge rates 

Logarithms of pilot-point 
transmisslvities 

VERIFICATION OF THE GRASP II CODE 

An extensive verification of the GRASP II code has been undertaken 

encompassing all of the options on the performance measure and sensitivity 
parameters in the code. Three of the test problems and their results from 

GRASP II along with the results from an alternative approach (analytical or 

perturbation approach) are given here. A number of verification problems 

for the steady-state sensitivity analysis capability, are presented in 

Wilson et al (1986) and all of them have been used for GRASP II. Only one 

of those verification problems is included here. 

Test problem 1 relates to transient radial flow around a well for which 

the Theis equation (Theis, 1935) applies. Appendix B provides the 

sensitivity coefficients for this problem obtained by direct 
differentiation. Such sensitivity coefficients correspond to the 
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parameters of the entire aquifer and hence verify the sums of the 

sensitivity coefficients in all the grid blocks. Wilson and Metcaife 

(1985) performed similar verification tests for steady flow in a one- 

dimensional Cartesian aquifer. The sensitivities for the parameters of the 

individual grid blocks cannot be verified by this procedure. Test problem 

3 has been designed to overcome this limitation, which is inherent in using 

the classical analytical solutions of ground-water flow (transient or 

steady) applicable to homogeneous systems. Test problem 2 relates to an 

interim finite-difference model of the regional ground-water flow in the 

heterogeneous aquifer at the WIPP site, for which verification has been 

done by the parameter-perturbation approach. Test problem 3 is designed to 

verify the sensitivity coefficients for the parameters in the individual 

grid blocks of a finite-difference model. Exact mathematical expressions 

for the required sensitivity coefficients have been derived by constructing 

analytical analogs of the numerical model for the special case of steady- 

state flow in a one-dimensional (Cartesian) aquifer (given in Appendix C). 

The analysis requires consideration of an inhomogeneous aquifer, the 

results of which can be applied to the parameters of the grid blocks of a 

homogeneous aquifer. Test problem 3 relates to steady (Cartesian) one- 

dimensional flow in an aquifer. 

Test Problem 1 

This problem (Figure 3), relates to the transient radial flow around a 

well of radius 0.114 m pumping at a constant rate of 3 x 10'^ m^/s in a 

homogeneous confined aquifer with hydraulic conductivity of 
3.27 x 10'4 m/s, and of a uniform thickness of 3.05 m (Ward et al., 1984). 

The porosity and compressibility of the aquifer are taken to be 0.20 and 

1.67 x 10'7/pascal, respectively. The fluid is treated as incompressible. 

The external radius of the aquifer is taken to be 6096 m. The initial 
pressure throughout the aquifer is constant at 59770 Pascals. The boundary 

pressure prescribed at the external radius is the same as the initial 
pressure. The flow is simulated using SWIFT II with 50 finite-difference 
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Flow Rate = 3.0x10~3 m3/s 

Boundary Pressure °59770 Pa 

Hydraulic Conductivity = 3.28x10" m/s 

Porosity = 0.20 

Rock Compressibility = 1.67x10 /Pa 

Performance Measures: 

J. = p(100 m. 3456 s} 

J^Ji2 

Drawn by Date 

Checked by 

Revisions 

Date 

Date 

Transient Radial Flow to a Well: 

Test Problem 1 - Definition Sketch 

I NT£R!\ Technologies Figure 3 
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grid blocks with radial distances to successive grid blocks chosen to be in 
a geometric sequence. (Such a discretization results in equal pressure 

drops between successive grid blocks in steady state). Simulations have 

been performed with uniform time steps in one run, but with different 
magnitudes of the time steps in different runs. Two performance measures 

are considered. One is the pressure at radial distance of 100 m from the 

well at a time of 3456 s. The other is a weighted squared deviation 

between this calculated pressure and a hypothetical observed pressure at 

the same spatial and temporal location. For simplicity, the hypothetical 

observed pressure is taken as zero, and a unit weight is assigned. The 

second performance measure is simply a square of the first performance 

measure. The sensitivity parameters considered are the permeability and 

storativity of the aquifer and the flow rate in the well. Appendix B 

provides the analytical expressions for the required sensitivity 
coefficients for this problem. 

Table 1 shows the comparison of the GRASP II code results with the 

analytical results. It is seen that small time steps (40 - 60 s) are 

required to reproduce the pressure drawdown in the numerical model 

accurately in comparison with the analytical results (Theis, 1935) for the 

early times chosen here. For such refined temporal discretization, the 

GRASP II code results are in exact agreement with the analytical results 
shown in Appendix B. However, for coarse time steps, SWIFT II results and 

hence GRASP II results do not agree with the analytical results. But 

GRASP II results agree well with those from the perturbation approach (not 

shown here). Thus, if a particular temporal discretization is considered 

adequate for the numerical modeling of the forward problem (by SWIFT II), 
the corresponding GRASP II result would be consistent with the level of 

accuracy in SWIFT II though both SWIFT II and GRASP II may appear to be in 

error in relation to an analytical solution. Test problem 2 addresses this 

aspect. 
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Table 1. Sensitivity Coefficients in Test Problem 1 

Perf. 
Measure 

•ll 
11 

11 

M 

J2 

n 

ii 

t 

(sec) 

57.6 
86.4 

432.0 
864.0 

57.6 

86.4 
432.0 

864.0 

Perf. He 

SWIFT II 
Code 

58948.0 

58949.1 

58960.9 

58971.2 

3.47X109 

3.47X109 

3.48X109 

3.48x109 

asure 
Theis 

Eq. 

58935.3 

58935.3 
58935.3 

58935.3 

3.47X109 

3.47X109 

3.47X109 

3.47X109 

Permel 

GRASP II 

-8.93x1012 
-8.83x1012 

-7.72x1012 

-6.46x1012 

-1.05x1018 

-1.04x1018 

-9.10x1017 

-7.62x1017 

Mar! 

ability 
Analytical 

-8.93x1012 
11 

ii 

" 

-1.05x1018 
ii 

u 

n 

ginal Sensitn 

Storati 
GRASP II 

1.12x106 

1.12x106 

1.07x106 

1.02x106 

1.33x1011 

1.32x1011 

1.26x1011 

1.20x1011 

nty Coefficient 
ivity 

Analytical 

1.13x106 
ii 

ii 

ii 

1.34x1011 
» 

ii 

s 

Source Ri 

GRASP II 

274.2 

273.8 

270.0 

266.4 

3.23X107 

3.23x107 

3.18x107 

3.14x107 

ite 
Analytical 

278.2 
ii 

ii 

u 

3.28x107 
ii 

H 

U 

J^ = Pressure at 100 m, at /3,456 s 

J2 = Ji2 



Test Problem 2 

This problem relates to a sequential steady-state and transient-state 

simulation of two-dimensional (x-y) flow in the Culebra dolomite at the 

Waste Isolation Pilot Plant (WIPP) site. The Culebra is heterogeneous and 

is discretized by a 26 x 44 finite-difference grid (Figure 4). The 

transmissivity distribution, boundary conditions and sources/sinks and 

other details are presented by LaVenue et al. (1988) and are not included 

here. For purposes of the verification, the simulation is performed up to 

10 days only. Time is taken as zero at the end of the steady-state 

simulation and a hypothetical pumping rate in the well H-3 is adjusted so 

as to induce large drawdowns in the observation well H-l. 

Two performance measures similar to those in test problem 1 are 

studied. One is the pressure at the location of the H-l observation well 

at the end of 10 days. The second performance measure is the weighted 

squared deviation between the above calculated pressure and a hypothetical 

observation taken at the same location and at the same time (10 days). For 

ease of verification, the hypothetical observed pressure is taken to be 

zero, and the weight as unity. The sensitivity parameters considered are 

permeability (calculated from transmissivity), storativity, and the time- 

dependent recharge rate and source rate in the steady state and transient 

state. Because of the very low permeabilities of the anhydrite and the 

halite units confining the Culebra, the flow model presented in LaVenue et 

al. (1988) utilizes an assumption of no recharge or discharge vertically 
from the Culebra. The recharge rate defined in this test problem is only 

for the purpose of verification of one of the capabilities of the GRASP II 
code. 

These tests use a perturbation approach for verification. After a 

base-case simulation using the SWIFT II code, the sensitivity parameter 

(a^), such as the recharge rate, is perturbed by a small magnitude (Aa^), 

and the SWIFT II simulation is repeated. The change (AJ) in the 
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performance measure (J) between the two simulations is computed. The ratio 
AJ/Aa is compared with the sensitivity coefficient computed by the GRASP II 
code. For some problems, it would be convenient to compute dimensionless 

sensitivity coefficients. In such a case, AJ/J and Aai/a^ are computed. 

In the case of permeability and storativity, SWIFT II simulations have 

been performed increasing the parameters throughout by one percent and 

later decreasing them by one percent. For runs where perturbation of the 

recharge rate is considered, a recharge rate of 10'9 m/s is used. One run 

includes the recharge for steady state only and another run includes it 
only for transient state. Similar runs for a source rate of 1 kg/s are 

also performed. 

Table 2 presents the sensitivities of both the performance measures to 

the time-independent parameters (permeability and storativity). Table 3 

presents the results for time-dependent parameters of recharge rate and 

source rate. The agreement between the perturbation approach and the 

GRASP II code is very good. It is pertinent to note that this good 

agreement is due to the small perturbations used. For large perturbations, 
due to the nonlinear relation between the performance measures and the 

sensitivity parameters, such good agreement would not be obtained. The 

good agreement secured in this test is also attributable to the fact that 

the same spatial and temporal discretizations are used in SWIFT II and 

GRASP II. 

Verification of Adjoint States: 

Using a finite-difference discretization of (64), adjoint states are 

given by: 

AJ 1 

A(xi,ti) - —— — 

Aq(si,ti) At 
(71) 
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Table 2. Sensitivity Coefficients in Test Problem 2: 

Time-Independent Parameters 

Performance 
Measure 

Parameter Dimensionless Sensitivity 
_____Coefficients______ 
SWIFT II GRASP II 

(Perturbation Approach) 

p - pressure at Permeability 4.00 3.99 

H-l at 10 days Storativity 7.15 7.21 

p2 Permeability 7.93 7.98 

Storativity -14.30 -14.40 
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Table 3. Sensitivity Coefficients in Test Problem 2: 

Time-Dependent Parameters 

Performance 
Measure 

Parameter Marginal Sensitivity Coefficient 
Steady State 

Only 
SWIFT II GRASP II 

Transient State 
Only 

SWIFT II GRASP II 

p-pressure 
H-l at 10 

at 
days 

Recharge 
Source R< 

Rate 
ite 

3. 
1. 

11x1016 
23x106 

3.13x1016 
1.23x106 

5. 
1. 

85x1016 5 

75x106 1 
.60xl016 
.70x106 

P2 Recharge Rate 
Source Rate 

-2.16x1022 -2.18x1022 -4.07x1020-3.89x1020 
-8.53x1011 -8.55x1011 -1.22xl0l2-1.18xl0l2 
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. AJ 
Ao(xi) - —— (72) 

Aqo(xi) 

where At - time step just prior to t^ in the numerical model. 

Equations (71) and (72) indicate that for one performance measure J, to 

verify \ in each location xi, as many simulations of SWIFT II should be 

done as the number of such locations, each simulation introducing a source 

at the location si. Such an enormous computational effort can be saved, in 

some cases, particularly for the performance measure of pressure by 

exploiting a "reciprocal relationship" given below: 

Reciprocal Relationship: 

In In Sp (q ) - Sp (q ) 
m k km 

(73) 

Equation (73) states that the pressure rise at location k due to a 

source at a location m is the same as the pressure rise at location m due 

to a source at location k, when both the pressure rises are referred to the 

same time level 1 and the sources are introduced during the same time step 

n. This is a special case of Maxwell's reciprocal relationships (Michalos 

and Wilson, 1965; Morse and Feshbach, 1953) valid in several disciplines of 

continuum mechanics, as adapted to ground water. This result can be 

deduced from the symmetry of the conductance and storatlvity matrices in an 

inhomogeneous aquifer. Equation (73) obviates the need for repeated 

simulations. One simulation with a source at the location of the grid 

block, the pressure in which is defined as the performance measure, would 

suffice for the verification of A for all locations. The adjoint states 

for the steady state and transient state are displayed in Table 4 and show 

good agreement between the results of GRASP II and those of the 

perturbation approach. 
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Table 4. Adjoint-State Function in Test Problem 2 

Adjoint State Function 
Steady State Transient State 

Grid 
Block SWIFT II GRASP II SWIFT II GRASP II 
(I,J) (Pertur- (Pertur- 

bation bation 
Approach) Approach) 

(14,7) 1.30 x 106 1.30 x 106 

(15,7) 1.23 x 106 1.23 x 1Q6 

(15,6) 9.37 x 105 9.37 x 1Q5 
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2.022 

0.226 

0.861 

1.960 
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Test Problem 3 

Consider a one-dimensional homogeneous aquifer, discretized into 5 grid 
blocks each 200 m in length, and subjected to prescribed pressures at both 

ends. The resulting pressure distribution is linear, and the Darcy 

velocity is constant throughout the aquifer. The fluid and the aquifer 

properties are adjusted to result in a hydraulic conductivity of 1.0 m/s. 
The pressure gradient is adjusted to yield a Darcy velocity of 0.1 m/s. 

The geometry, geohydrologic and fluid properties, and the prescribed 

pressures are shown in Figure 5. 

Sensitivity coefficients for many combinations of performance measures 

and model parameters were computed with GRASP II for test problem 3 and 

they were compared in Table 5 to the sensitivity coefficients computed with 

the analytical solutions presented in Appendix C. The GRASP II results 
show exact agreement with the analytical results. 
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PRESCRIBED 

PRESSURE-PQ 

10m 

PRESCRIBED 

PRESSURE-P, 

a) Definition Sketch 

b) Pressure Distribution 

^ PL 

Boundary Conditions 

PO = 1.962x10° Pa 

P)_ = 9.810X105 Pa 

Geohydrologic Parameters 

-7 2 
.permeability = 1.02x10 m 

density = 103 kg/m3 

-3 viscosity ° 10 Pa-s 

(hydraulic conductivity = 1.0 m/s) 

Geometry 

Ax = 200m 

N = 5 

Ay = z ° 10m 

Drawn by Date 

Checked by 

Revisions 

Date 

Dote 

Steady Flow through One-Dimensional Homogeneous 

Aquifer: Test Problem 3 - Definition Sketch 

I NTER^ Technologies Figure 5 
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Table 5. Sensitivity Coefficients in Test Problem 3 

Performance 
Measure J 

P2 

J2 

Sensitivity 
Parameter a 

kl 
k2 

k3 

PO 

PL 

Q3 

Q4 

qi 
q2 

<13 

kl 
k2 

k3 

PO 

PL 

Q2 

Q4 

qi 
q2 

q4 

Sensitivity Coe 

GRASP II 

1.347 x 1012 

3.849 x 1011 

-5.774 x lOll 
7.000 x 10-1 

3.000 x 10-1 

2.943 x 107 

1.766 x 107 

6.867 x 100 

2.060 x 101 

1.471 x 101 

1.510 x 1017 

-7.553 x 1016 

-1.510 x 1017 

1.570 x 105 

-1.570 x 105 

3.080 x 1012 

-3.080 x 1012 

1.540 x 106 

1.540 x 106 

-1.540 x 106 

fficient. dJ/da 
Analytical 

Solution 

1.347 x 1012 

3.849 x IQll 

-5.774 x IQll 
7.000 x 10-1 

3.000 x 10-1 

2.943 x 107 

1.766 x 107 

6.867 x 100 

2.060 x 10l 

1.471 x 10l 

1.510 x 1017 

-7.553 x 1016 

-1.510 x 1017 

1.570 x 105 

-1.570 x 105 

3.080 x 1012 

-3.080 x 1012 

1.540 x 106 

1.540 x 106 

-1.540 x 106 
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Table 5. Sensitivity Coefficients in Test Problem 3 

(Continued) 

Performance 
Measure J 

U2 

FO 

t'+ 

x 't 

Sensitivity 
Parameter a 

kl 
k2 

PO 

PL 

Ql 

Q3 

qi 
q3 

kl 
PO 

Q2 

q3 

kl 
k2 

kl 
k2 

Sensitivitv Coe 

GRASP II 

1.962 x 105 

1.962 x 105 

1.020 x 10-7 

-1.020 x 10-7 

2.000 x 100 

-1.000 x IQl 

1.000 x 10-6 

-5.000 x 10-6 

1.962 x 1010 

1.020 x 10-2 

-1.400 x 106 

-5.000 x 10-1 

-1.962 x 109 

-1.962 x 109 

1.962 x 109 

1.962 x 109 

fficient. dJ/da 
Analytical 

Solution 

1.962 x 105 

1.962 x 105 

1.020 x 10-7 

-1.020 x 10-7 

2.000 x 100 

-1.000 x IQl 

1.000 x 10-6 

-5.000 x 10-6 

1.962 x 10l0 

1.020 x 10-2 

-1.400 x 106 

-5.000 x 10-1 

-1.962 x 109 

-1.962 x 109 

1.962 x 109 

1.962 x 109 

f Time of travel from one end of the system to the other end. 
^ Displacement during time t'. 
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Table 5. Sensitivity Coefficients in Test Problem 3 

(Continued) 

LEGEND 

Performance Measures 

•pi — modeled pressure for grid block i 

u! — modeled centroidal Darcy velocity for grid block i 

FQ - boundary flux at x - 0 (upgradient boundary) 

t' - travel time between x - 0 and x - 1,000 m 

x' - displacement during the time t' 

5 

J2- 2 wi(pi - pob )2 

i-1 i 

where, 

w! - 0.2 for all i 

Pob ~ 1.4715 x 10^ Pa, for all i (equal to computed pressure p3) 
i 

Parameters 

ki - permeability of grid block i 

Ql - recharge to grid block i 

qi - source rate for grid block i 

PO - prescribed pressure at upgradient boundary 

PL — prescribed pressure at x - L; downgradient boundary 
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SUMMARY AND CONCLUSIONS 

Numerical models of a ground-water flow system need to be calibrated, 

prior to their application in a predictive role. Many alternative methods 

for the calibration are available, ranging from purely subjective trial- 
and-error procedures to fully automated inverse algorithms. In this 

report, the methodology adopted for the calibration of the numerical model 

of regional ground-water flow in the Culebra dolomite at the Waste 

Isolation Pilot Plant site has been described. An indirect approach, based 

on an iterative parameter-fitting procedure, has been adopted for 
calibration. Parameterization has been effected by choosing to assign the 

transmissivities only at a few selected locations, designated as pilot 
points. The transmissivity distribution in the numerical model is derived 

by kriging the transmissivities in the combined pool of measurement and 

pilot points. Sensitivity analysis has been coupled with kriging to 

determine the optimal location of the pilot points. The associated 

transmissivity at a pilot point has been assigned by the best judgement of 

the modeler. This judgement utilizes information on local geologic 

conditions and lagre-scale hydraulic interference tests. The modeler 

handles one or a few pilot points in one iteration and brings about a 

consequential change in the transmissivity distribution in the entire model 

via kriging. The iterative steps of adding pilot point(s) and kriging have 

been continued until the desired convergence is achieved in the least- 
square objective function. At the end of all iterations, it is ensured 

that the correlation structure of the transmissivities at all the pilot 
points, is in reasonable agreement with that of the measured transmissivity 

data. 

The adjoint approach to sensitivity analysis provides an efficient 
algorithm for the computation of the sensitivity derivatives required for 
the optimal location of pilot points, in contrast to a direct approach. 

The adjoint strategy consists in separating the sensitivity analysis into 

two distinct stages, with the first one relating exclusively to the 
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criterion function and the second one relating exclusively to the 

sensitivity parameters. The adjoint-state function computed in the first 
stage provides the link between the two stages. Implementing this 

philosophy, the equations of the sensitivities are derived by keeping the 

treatment of the partial variations with respect to the pressure and the 

parameters distinct. The adjoint-state function is interpreted to be an 

impulse-source response function in the transient state (analogous to the 

instantaneous unit hydrograph in surface-water hydrology), and a unit- 
source-rate influence function in the steady state. 

A three-dimensional finite-difference code for sensitivity analysis, 
GRASP II, has been built as a satellite to the flow code SWIFT II. 
GRASP II can be applied in purely transient or steady flow analyses or in a 

sequential steady-and-transient flow analysis. It can provide the 

sensitivities of such direct and indirect output functions of the flow code 

as pressures, fluxes, ground-water travel times and distances, to all the 

geohydrological parameters, and the imposed hydraulic stresses. An 

extensive verification of GRASP II, encompassing all of the options 

provided in the code, has been conducted by comparing the code output with 

the results from alternative approaches such as analytical results and 

parameter-perturbation approaches. Differentiation of classical analytical 

solutions in ground-water flow provides sensitivities for the parameters 

of the entire ground-water system. Such sensitivities verify the sums of 

the sensitivities in all the grid blocks of a numerical model. This 

approach has been used both for transient and steady flow cases. The 

limitation inherent in this approach, that the verification relates only to 

the sums of the sensitivity coefficients, has been removed for the special 

case of the steady-state flow in a one-dimensional (Cartesian) aquifer by 

constructing the analytical analog of the numerical model and deriving the 

exact mathematical expressions for the sensitivity coefficients for the 

individual grid blocks in the model for verification. An efficient 
verification scheme has also been made possible by exploiting Maxwell's 

reciprocal relationships adapted to ground-water flow. 
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In this report, the theory of the adjoint-sensitivity analysis, as 

applied to the ground-water flow model has been described, together with 

three verification test problems. The application of the coupled kriging- 

and-adjoint-sensitivity approach using pilot points to the calibration of a 

ground-water flow model of the Culebra dolomite at the Waste Isolation 

Pilot Plant site in southeastern New Mexico is presented in LaVenue et al 
(1990). This application has demonstrated the usefulness of the present 

approach, particularly while handling a combination of the steady and 

transient head data. 
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Notation 

thickness of ground-water system 

compressibility of rock 

compressibility of water 

performance measure: transient state 

performance measure: steady state 

permeability of a homogeneous isotropic aquifer 

principal permeability in the coordinate direction i 

permeability tensor 
a function for transient state defined in (12) 

a function for steady state defined in (37) 

pressure: transient state 

prescribed boundary pressure: transient state 

pressure: steady state 

observed pressure 

prescribed boundary pressure: steady state 

source rate: transient state 

source rate: steady state 

strength of,an impulse source 

prescribed volumetric influx normal to r: transient state 

prescribed volumetric influx normal to F: steady state 

flow domain 

aquifer storage coefficient; (6) 

aquifer storativity; (62) 

time 

measured transmissivity 

estimated transmissivity 

Darcy flux vector: transient state 

adjoint flux vector: transient state 

adjoint flux vector: steady state 

Darcy flux vector: steady state 

region of interest for a sensitivity parameter 
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w — weight for the observed pressure 

S - vector of spatial coordinates 

Xj_ 
- element i in si (i - 1>2,3) 

Y - Loglo(T) 
Y* - kriged value of Y 

z - vertical coordinate 

a - vector of sensitivity parameter 

a^ - element i of a 

P - a parameter to identify the type of boundary condition 
P — 0 for Neumann conditions 

p -» <x> for Dirichlet conditions 

5(.) - Dirac delta function 
S3 - total variation of J 

5V - change of V over a time step 

fpj - partial variation of J with respect to p 

V - gradient operator 
<f> - rock porosity 
4>o - initial rock porosity 
F - boundary of flow domain 

»?(s>Sj) •• kriging weight for location s, due to an observation at xj 
\ - adjoint-state function: transient state 

\o - adjoint-state function: steady state 
p, - viscosity of water 
» - defined in (19) for the flow domain:transient state 
»* - defined in (20) for the flow boundary: transient state 
¥*o - defined in (41) for the flow boundary: steady state 

Vo ~ defined in (40) for the flow domain: steady state 
p - density of water 

PQ — initial density of water 
T - final time of flow analysis 
0 - defined in (21) 
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APPENDIX A: EQUATIONS OF THE ADJOINT-STATE FUNCTION 

Equation (27), reproduced here as (Al), is transformed to provide the 

partial-differential equation for A(x,t). 

[ (5pK + A5p»]dx + A5p»*dx]dt - 0 

o R r 

(Al) 

where 

r r 

(AfipTdx dt - { - SA ^^ . AV(^pu) } dxdt (A2) 
} J 1 8t 
o o R 

k 

SpH - - ~~ • v(&p) (A3) 
V- 

f f * '•ft 
A5p^dx dt - Ap(5pu.n - ^6p)dxdt (A4) 

of- o 
f- 

While developing the partial variation S-p9 in (A2) an additional term 

due to the variation of density with pressure, given by 
3/ap[V»&pU].(8p/8p).Sp. where [8p/8p]/po " ^ " compressibility of water, 
needs to be included. As this term is smaller than the other terms by 

several orders of magnitude due to the practically negligible 
compressibility of water, it is ignored. Similar terms in fip»* are also 

ignored. Further, note that while developing Sp9 and 6rft*, the partial 
variations with respect to pressure, partial variations with respect to 

parameters such as permeability and source rate are, by definition, 
ignored. 
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The individual terms in (Al) are developed below. Integrating by parts 

in time domain, 

USA &Im dxdt - . (- (S 
ax 

fip)dt + [SXSp}7 ) dx (A5) 
8t J J 3t o 

R o 

One chooses A to be zero at t - r (and for t > r) ; A(x,r) - 0. This may 

be designated as the backwards-in-time-initial, or final condition. 

Fulfillment of this condition would necessitate the evaluation of X 

backwards in time from t - T to t - 0. The choice of the final condition 

on X is dictated by physical considerations. It is evident that the 

performance measure defined at a particular time, is unaffected by a change 

in the parameters at a later time. For example, the pressure at a location 

at 30 days after pumping, does not change if the pumping rate changes after 
30 days. Thus, the sensitivity of the pressure at 30 days to the pumping 

rate at 35 days is zero. The final condition on \ is designed to ensure 

that the sensitivity of any performance measure to a parameter arising in 

future time is rendered zero in (29), consistent with what is evident from 

physical considerations. Thus, this choice upholds the principle of 

causality. 

A(x.t) - 0 (A6) 
t •&. T 

[ SA(x ,t)5p(x ,t) ^ - 0 -SA(x,0)5p(x,0) (A7) 
0 

In (A7), for t - 0, two cases are examined. Case 1 relates to a purely 

transient case, for which (3) defines the initial conditions prescribed by 

the user. They are sensitivity parameters in this context, so that 

5p(x,0) - 0. Case 2 relates to a sequential steady-and-transient analysis, 

in which pressures given by steady-state analysis constitute the initial 
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conditions for further transient analysis. In such a case, the initial 
pressures are not parameters but constitute a pressure function evolving 

from steady-state analysis onto transient-state analysis. Then 5p(x,0) - 

^Po(s) '* °> and the KHS °f (A7) reduces to -SA(x,0) &po(s). This term 

would be added to the other terms involving 5po(s) in the steady state 
which result from the treatment of terms in f0o (the steady-state 
counterpart of 50 in (21) ). After simplifications, parallel to those 

following, -SA(x,0) would remain as an additional inhomogeneous term in the 

partial-differential equation for Ao(x) for the steady state under this 

option of sequential steady-and-transient analysis [see (38)]. (The 

physical significance of this term is evident from (66)). Thus, 

[SA(x,t)5p(x,t)] - 0 ; for Case 1 (A8) 
o 

- -SA(x,0)&po(x) ; for Case 2. (A9) 

Adding (A4) to the second term of the RHS of (A2) and applying Green's 

first identity twice to the latter, one has 

T r 

-AV.(p5pu) dxdt + A5p$* dxdt 

o R o r 

[ AV . (p°- . VA) 5pdx - pC- . VA.n + ft\)Sp dx ]dt I 
R 

tt ^ tt 

Using (A5), (A8), and (A10), (Al) may be written as: 

T 

(f 8\ k 5K 
[+S — 

+ V.(p— . VA) + 
— ] Sp dx dt J 3t p. 8p 

o R 
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IP ("^ • VA.a + A^)Spdx dt - 0 (All) 
I IM 

o r 

If (All) must hold for arbitrary variations &p, the volume integral and the 

surface integral must each vanish, leading to: 

8\ k 9K 
S — 

+V.(p— • VA) + 
— 

- 0 on R x [o,r] (A12) 
3t /i 3p 

k 
— 

•VA. n + A/3 - 0 on r x [o,r] (A13) 
/* 

Comparison of (A13) and (3) indicates the boundary conditions for \. Thus, 

A - 0, corresponding to Dirichlet conditions; and Q^ "• 0 corresponding to 

Neumann conditions, in the flow problem where 

k 

QA - - ~~ ' ^\ ' Q 
^ 

A-4 

(A14) 



APPENDIX B: SENSITIVITY COEFFICIENTS OF TRANSIENT-STATE RADIAL FLOW 

TO A WELL 

For transient radial flow around a well pumping at a constant rate in a 

confined homogeneous isotropic aquifer of constant thickness, Theis (1935) 

gives: 

Q 
s - ———— W(u) (Bl) 

4»r T 

where 

r S* 
u - 

4Tt 
(B2) 

Here Q is constant volumetric pumping rate; T is transmissivity; W is 

Theis' Well Function for a confined aquifer; S* is storativity 
(Dimensionless); t is time since pumping started; s is drawdown of head; 

and r is radial distance to point of drawdown. 

Also, 

-u 
dW - e 

du u 

so that, 

(B3) 

(B4) 

Using (B4) and appropriate chain rule of differentiation, one has: 

-u 
as Q e 

— 

- (-1) —— . —— (B5) 
as* 4wT S* 
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9s Q -u 
—— - ——— [ e - W(u) ] (B6) 

2 
3T 4irT 

3s W(u) s 

(B7) 
3Q 4irT Q 

The following equations relate s, S*, and T to the variables used in 
SWIFT II: 

p(r,0) - p(r,t) 
s - ————————— (B8) 

PS 

S* - ^( Cw + Cr ) pgb (B9) 

kpgb 
T - ——— 

A« 

(B10) 

Using (B8) through (B10), (B5) through (B7) may be recast for 
application to the SWIFT II and GRASP II codes as: 

3(P(r.t)} _0__e_11 

.. 
- PS 

., 
(Bll) 

as* 4wT S* 

2 

3p(r.t) b (pg) Q -u 
———— - ——————— ( W(u) - e } 

2 

3k ft 4wT 

3p(r,t) [ p(r,t) - p(r,0) ] 

9Q Q 

B-2 

(B12) 

(B13) 



Here, k is permeability; p is density of fluid; g is acceleration due to 

gravity; b is aquifer thickness; p(r,t) is pressure; Cy is compressibility 

of water; and C^ is compressibility of rock. 

(Bll) through (B13) with the definitions in (B9) and (B10) are used for 

verification of GRASP II in Test Problem 1. 
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APPENDIX C: SENSITIVITY COEFFICIENTS OF STEADY-STATE 

CARTESIAN ONE-DIMENSIONAL FLOW 

Problem 1 

Consider, the one-dimensional steady-state flow through a horizontal 
heterogeneous aquifer, of length L discretized by N finite-difference grid 

blocks, subjected to pressure po at x - 0 and PL at x - L, with po > PL 

(Figure C.I). 

The aquifer may be treated as a network of hydraulic resistors in 

series (in analogy with electrical resistors), with each grid block 

represented by one resistor. The hydraulic resistance Rm (the reciprocal 

of conductance) of grid block m, is given by: 

^m /^m 

^m 
~ 

km Am pm 
(Cl) 

Here, A is the cross-sectional area of the aquifer normal to 

x-direction, and other symbols are as defined before. The mass flow rate F 

through the aquifer is the same at every location, and is given by (using 

Darcy's law): 

p_-P^PL 
RT 

(C2) 

F 

RLm 
(C3) 

F 
Pm-PL 

RRni 
(C4) 
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Here, RLm and RRgi are the hydraulic resistances to the left and the 

right of the grid block m (Figure C.I) and are defined below. 

m-1 
RLm - S RI + Rm/2 (C5) 

N 

RRo - S RI + Rm/2 (C6) 
nn-1 

N 

RT - RLm + RRm - S Ri (C7) 

The pressure in the center of grid block m, pm is given by : 

Pm - [Po(RRm) + PL(RLni)l/RT (C8) 

Also, the Darcy flux, Um, though the grid block is given by 

um - 

Fffl- (C9) 
Am 

Direct differentiation of (C2), (C8), and (C9) provides the sensitivity 

coefficients for the flux, pressure and Darcy velocity with respect to the 

desired parameters. However, such sensitivity coefficients for 
inhomogeneous aquifers are not presented here. Such expressions may then 

(and only then) be simplified, for a homogeneous aquifer (all kg are equal) 

and homogeneous fluid (all pm are equal and all /im are equal) discretized 
by grid blocks of equal length (all Ax;n are equal) giving the following 

results: 

3pm 1 (po-PL) N-2m+l 1 

5km 2 N N k 
(C10) 
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8pa_ (PQ-PL) (iLffldM 
——— - 

. , independent of 1 

aki N N 

apm Po-PL m-^ 1 
——— - ( ————) (——— ) - 

, independent of r 

3kr N N k 

(Cll) 

(C12) 

N 3pm 
(Note : S —— - 0; as evident from physical considerations) 

i-1 3ki 

——— - (N - m + »s)/N 
3po 

apm 
——— - (m - h)/N 
SPL 

(C13) 

(C14) 

aum ^ 

aki kN 

8um ^ 

apo (PO-PL) 

(C15) 

(C16) 

Problem 2 

Consider a one-dimensional aquifer, just as in Problem 1, but with 

different boundary conditions, viz. zero pressures prescribed at x-0, and 

x - L. A fluid source of strength qm (mass rate) is introduced into the 

grid block m. The mass flow rate qm gets divided into qi towards the left 
and qr towards the right of the grid block m shown in Figure C.2. Let pm 

be the pressure at the center of grid block m. 
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Pm-0 

q1'^ 
(C17) 

'"'KKB 

q. - qi + qr - P- [^ + ^ 1 

where Rim and RRm are as defined in (C5) and (C6) 

(C18) 

(C19) 

qm RRm RLm 

pm" RT 
(C20) 

PI - qi RLi 

_ 

qm RRm RLl 

RT 
(C21) 

Pr 
qm RLm R^r 

RT 
(C22) 

Here, pi and pr are the pressures in the grid-blocks 1 and r 

respectively. Also, RL and RR refer to the hydraulic resistances to the 

left and the right of a grid block indicated by the suffix, such as 1, r, 
or m (Figure C.2). 

SL- ui - 

PlAl 
(C23) 

ur - 

PrAr 
(C24) 
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Here, u^ and u^ are Darcy fluxes in the grid-blocks 1 and r 

respectively. 

In Problem 1, pm does not depend upon q. So superimpose the results of 

the Problems 1 and 2. Then performing the differentiation with qm and then 

setting qm to zero (not needed here) gives the sensitivity coefficients for 
the parameter qgp These sensitivity coefficients constitute the adjoint 

states. Then, (and only then) simplifying the results to the case of 

homogeneous aquifer and fluid, with equal lengths of grid blocks, one 

obtains: 

3pm (N-m + h) (m-h) Ax ^ 

3qm N kA p 

3pl (N-m + h) (,1-h) Ax /i 

aqm N kA p 

3pr (m-^) (N - r + h) Ax ^ 

aqa N kA p 

3ur (m-h) 1 

Bqm N Ap 

3ui (N-m+^i) 1 

aqm N Ap 

gum (2m-l-N) _1 
3qm N Ap 
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